
Chapter 2
Recap Sheet



· Continuous Random Variable

Idea : Instead of assigning probability to single points ,
we assign it to intervals lareas under f

Definition : A random variable X is continuous with
ative functiondensityf if there exists a non-neg

8 : T + R
+

such that
, for any set BCR

,

P(x( B) = Sif(x)dx
f is the probability density function of X

.

Properties : (% f(x)dx = 1 ; P(x = a) = Saf(x)dx =
0

Core probability query : For any a < b
,

P(a((x(b) = (af(x)dx
Ex : We are given

: f(x) = (5x + k if 0x -3
otherwise

1. Find K
.
Since f(x) is a density , we have If(x) = 1

.

But f(a) is nonzero only on [0 ; 3 I so :

& (x + k)dx = 2( (3 Exc + 93kdx = 2

=> e [oI8 + k [x]8 = 2

12

() 3 + 3k = 2
4

()k =
(2 - 3)

=

2

3 22

2. Compute Plex (2) . By definition ,

Ple = x ? 2) = (215x +2/dx = 2Seda
=

1 [c]2 + 2 [xI
22 22

= 2 + Ez = 3

· Distribution function

Definition : For a random variable x with densityf ,
the

distribution function is

= (a) = P(x(a) = (20 f(x) do



Properties :

· Monotone : if a <b then Fx(a) Fx(b)
· Limits :a Fx(x) = O ; fimm Fx(x) = 2

x-+ 0

· Link to pdf : where f is continuous , Fx'(x) = f(x)
· Interval probability : for a Lb

,

P(a(x (b) = Fx(b) - Fx (a) = (af(x)cx
Ex : We use the same pdf as in the previous example .

Let US compute Fx(a) = P(x(a) .

·
:

Fat
22

· If a ) 3 : Fx(a) = 2

So :

F
-
(a) =

+ a

a (0E S

, 0(a3
12

1 ,
a)3

· Function of a CRD (Transformations)
Idea : Given a continuous X with pdf 8 and a (nice)
function h

, we define Y = h(X)
.
We want the poly fr

Method :

·

CDFmetnoSalwaysworki
= P(y) =Plky

Ex : We have f(x) = Co 10
, e=
(x) ,

its CDF is :

S ,
02Fx(x)=

A .

Y = 3x +1(x [0 ,
11 =Tt[2

,G])

F(y) =
P(3x + 1 - y) = P(X(je) =[

Hence fr (y)= 1821 = Cye) ,e

B. z = x(x [0,
el =) 2e [0,

el)

E
0

, 20

Fz(z) = P(x2)2) = P(x)z) = 2 ,
01212

1
,
2)2



Hence f() = (2) = 2
,
0122

C. T = e
*

(x [0,21 = TELl
,
el)
t(2

F
+
(t) = P(et (t) = P(X = fu(t)) = (2) ,

exte
2

, te

Hence 8+
(t) = c (fr · (t)) = 2(t) ,

ed

· Expected Value

Definition : For a continuous X with pdf 8,

ESX) = Six flo) asa

Transform theorem : For any (integrable) function 9 ,

E(g()) = J. g(x)f(x) do

Linearity : =(ax + b) = aE(x) + b

Ex : Given 8x(x) = Go Fo
, c=
(x)

·

· E(X) = (ox (2x)dx = 2 Jxdx =
2 [x37 =

2

3 3

· E(Y) = E(3x + e) = (= (3x + e)(2x)dx = S8(6x + 2x)dx
=

6 S8sEd + [S8x ax
= 2 [x1 + [x]
= 3

· ELT) = E(e") = (: (2x)de -> Integration by parts
~ = So >v= so E(T) = [fxI - &/5e do
v = e = 2e - 2[e1

= 2e - 12e - 2)
= 2

· Variance and standard deviation

Definition : Let X be continuous with pay f and finite mean

E(X) . The variance of X is

Var(x) = E((X - E(x)(9) = E(x0) - (EXX()2

where
E(x) = Jaflakdes and E(X) = J- of(o) don

The standard deviation is x = Var(x)

Ex : Given fx(x) = 2e2 Ro
, 2=
(c) , we already computed E(X1= 23



Also E(x() = Joxt(2x)dx = &(5xx =
e [x "I = C2

Hence Var(x) = E(x() - (E(x))" = 2 - j3)2=s

Properties :

· Var(x)) O · Var(ax) =
& Var(x)

· Var(x + b) = Var(x) · If X
,
Y indpdt : Var(x + Y)

= Var(x) + Var(Y)

· Uniform distribution Ula , b)

Definition : A random variable X is Uniform on La ,b.
(with a (b) if its pag is

8x
(x) = (b a , a 1x = b

otherwise

Distribution function :

#(x) =[
Mean and variance -

E(X) =
a

+
b Var(x) =

(b - c)2
22

Interval probability : for au v1b ,

PruX(v) = S2 =
v -v

b - a

Ex : Let Xw Ulf , 5) .

· P(3(x(4) =
4 - 3

=
2 · P(x(3

. 5) = Fx(3 .
5) =

3
.

5 -2
= 0. 5

5 -2 3 5 -2
· E(x) =

2 + 5
= 3 . 5 · Var() =

15-218
= 32 29

· Exponential distribution ELA)

Definition : A random variable X is Exponential with rate
& >O

,
written xvE(A) , if

fx (x) = (ze
-
+

,
x)o

,
x0

CDF : Ex(x) = [2-ezx;
Mean and variance : E(X) =

2 Var() =
2

X 22



When to use it :

· The variable is time-to-event and cannot be negative
Je

.g ., minutes until next bus arrives)
· The event rate is roughly constant over time

I
· The past doesnt change the future : after waiting t
the distribution of the remaining wait is the same as

at timeO
· Arrivals tookfike a Poisson process

Ex : Let X~E(X = 0
. 5 per hour) .

Then E(X) = 2 = Chours
,

Var(X) =
4

.

- 2 . 5

1 . P( >3) =
e-1 . 3

= e ~ 0 2232s

2. Ple(x(h) = P(x (1) - P(x(4) = 20
. 5

- ea = 0
.
4712

· Normal distribution N(p ,
off

Definition : A continuous random variable X is Normal with
mean y ER and variance of 0

,if
-

(x - p)
8 (x) = 2 e 202

, x ER
Ogπ

Mean and variance : E() = u Var(x) = 02

When to use it :

· The datanoise is approximately symmetric around
a centrat value
·

Wearedeatingwith sums- averages of many sma,a

Standardization and the CDF : The Normat CDF has no

elementary closed form .
We use the standard normal

2 N(0 , e) with CDF 4. The link is :

2 =
x - p = p(x(x) = P(z(*) = qx

-

y
- E

Ex : Let XwW3
,
4) so o = 2 . Standardize with 2 =

X - 3

2

2. P(x >0) = P(2)0 - 3
=

- 2 .
5) = 0(2 .5) = 0

.9332
2

2. P(e(x(5) = Pl -0
.5/2(e) = 0(2) - 01- 0 .

5)

Using symmetry $1-0 . 5 = e - p(0 .5) = 0
. 3085

So 9(e) -01-0 · 5) =
0 . 8423 - 0. 3085 = 0

. 5328

3. Finda with P(X?x) = 0
. 975 .

We know 20
.975

= 1 .

96. Thus

x = p + 02 = 3 + C(2 . 96) =
6

. 92



CDF : If 2 - 10,2) with pdf p(2) =
2 ec

,
its distribution

function is : 2

& (x) = P(z(x) = 304(t)dt
Properties : ·m P(x) = 0 ·Timm ↑ (x) = 2

x- + N

· Symmetry : P(-c) = 1 - P(x)
=> P(x) - Ph-x) = &P(x) - 2

Normal approximation to the Binomial :

If ~ Bin (n , p) with n large (and p not too close to 0 or e),
then

x =M(y = mp ,
02 = np(1 - p))

Equivalently ,
the standardized variable 2 =

x -up
is approximately /110 , e) . np(2 -p)

· Other distributions

Chi-squared distribution : Let Xe , ..., Xv be independant
standard normats X

: ~10, 21 . The random variable
2

Y
=

i =2X :

2

follows a chi-squared distribution with r degrees of
freedom , written Y -X9r)



· Statistical Inference

Descriptive stats Inferential stats
Go beyond the sample to theSummarizewhatyousaw population by using probability modea

Workflow :

2. Choose a probabilistic model for the phenomenon
Lex : lifetime X of a butb is exponential ECA))

2.Coffect data la sampte) :

xy , ..., n

I

3. Estimate the model parameter(s) (e .g. 1)
4. Test claims (e . g ., is 11 % so mean life ? I to ? )

5. Predict quantities of interest Le .g., expected failures in 50h)

· Sampling and the statistic Xn
What is

"

sampling" ?
· Population : the whole set we care about
· Parameter(s) : unknown numbers describing the population
Imean y ,

variance of ...
· Sample :

n observations we actually coffect love, .., en)
· Random sample : model these as i .

i
.
d random variables

Xe , ...,
Xn with the same distribution as the population

Sample mean : Xn = Xi standard error
-L

Properties : ElXn) = p Var(Xn)= SE =

E

M

· Law of Large Numbers

If Xe , ..., In are ii
.
d with mean p and finite variance of

then the sample mean X
n converges in probability to p:

XnPp as n10

· Central Limit Theorem

For i .
i

.
d Xe , ..., Xn with mean y

and finite variance of

2n =

n(xn - 4) +, N(0
,
2)

-

Equivalently , for large n
,

X ~ N(m, 2) = N(E(n) ,
Var(n))

When we use it :

· To approximate probabilities about Xn :

P(a[Xn(b) =P() -Pl



· To build approximate confidence intervals forp when
is farge (and either o known , or replace by s if n is bigh

Rule of thumb : n) 30 is often "large enough"


