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Recap Sheet



· Probability Basics

Sample space (1)
: set of all possible outcomes of a

random experiment
Ex : Throw a die- = 31 ,2 ,

3
,
4

,
5

,
63

Event : subset of1
Ex : A = 39 ,

6
,
63 = "getting an even number

"

Probability function : function assigning a number between Oand I
to each event

,
such that:

· Phr) = 1 · PLAUB) = P(A) + P(B) for disjoint events
- can't happen at

Ex : P(a) = 3 + 3 + 2 = = 2g the same time

Union probability : PLAUB) = P(A) + P(B) - P(AMB)

Conditional probability : PLAIB) =
PLANB)

, if P(BI) O

, srob of A knowing PIBI
I

that i has already occurred

Lawoftotalprobabilityif isapartition of (disjoints
P(A) = P(A1B ;

) =
P (A /B ; ) P(Bil

i i

Ex : A school has 70% of students in CS and 30% in electronics .

· 20 % of students in CS do sports .

· 40 % of students in electronics do sports -

If we choose student randomly ,
what is the probability that he

does sports ?

P(S) = P(SICS) P(cs) + P(SIE) P(E) = 0
. 90 + 0

.

70 + 0
.

40 + 0. 30

=
0

.26

Baye's theorem : affows us to reverse conditional probabilities

P(Bi (A) =
PlaiBi/P(Bil

P(A1Bj)P(Bj)
j

Ex ! We do a medicat test .

· The disease touches 2% of the population .

· The test is positive 99 % of the time when sick .

· The test is positive 5% of the time when healthy (false pos .
I

If the patient's test is positive ,
what is the probability of him

really being sick ?

P(SIP) =
P(PIS/P(S) 0

. 99 = 0
.01

P(PIS(P(S) + P(PIS(P(S)
=

0
. 99 = 0

. 02 + 0
. 05 + 0

.99
= 0 . 166



Independant events : PLANB) = P(A)P(B)
, learning that B happened doesn't change the chance ofA
· Discrete random variables

Random variable : rufe that assigns a number to each outcome :

Xi - T
.

Discrete : if < only takes finitely (countably) many values
· Support (possible values) : Supp(x) = [x : P(X = x))03

· PMF (probability mass function) : Px() = P(X = x)
· for discrete X : Px(x))0 ; Px() = 2

· CDF (cumulativel : F_(a) = P(X(a) = x(Px(x)
Ex : We flip a coin 3 times .

Let x
=
"number of heads" .

Then Supp(X) =
50 , 1

, 2 ,
33. Count outcomes :

P(x = 0) = =(TTT) P(x = 2) = 3 (HTT , THT
,
TTH)

P(x
= 2) = 3(HHT , HTH , THH) P(x = 3) =

e (HHH)
S

The CDF at this support points :

Fx(0) = E Fx(1) = 2 + 3 =
e Ex(2) =

1
+ 3 = 7g Fx(3) = 2

2 G

Expected value (mean) of a discrete random variable X with

possible values by , xg ... and probabilities p(xi) = P(x = x : ) :

E(x) =

=
x : p(xi) Properties :

· E(X + a) = E(X) + o

Ex : Using the previous example values : · Elax) = aE(x)
· E(X + Y) = E(X) + E(Y)

E(x) = 0 . 3 + 2 . 3 + 2 . 3 + 3 . 2 = 2 .
5

Expectation of a function g(x) for a RV X with expected
valueso; and panf ploci) = P(X = ci) :

E[g(x)] =
, g(xi) pla : )

usingtheprevious example
vals an

I

E(x) = 0% + 2 . 3 + 2 . 3 + 32 = 3

Variance : Var(x) = E(X) - LE(X1)
* Standard deviation : o = Var(x)

= same units as X

Properties : Var(x + c) = Var(X) ; Varlax) = alVar(x)
· constant

Interpretation : variance measures spread around the mean

I small variance = values cluster near mean



Bienayme - Chebyshev inequality :

gives a universat bound on

how often X strays (devier) far from its mean

~ useful when we don't know the exact distribution

For any random variable x with mean p = E(X) and variance
-2

= Var(X)
,

P((X-pk, 2) 1 for anya
Ex : We have the following data for an exam scores :

p = 70 and o = 10 .

What can we guarantee about scores within 20% of the mean ?

-> We choose a = 20 : P(X-701 (90), 2 -100 = 2 -100 =
0

.75
202 400

So no matter the shape of the score distribution
,
at least

75 % of students score between 50 and 90
.

Two discrete random variables : the joint probability gives
it for pairs :

Px
,
(x , y) = P(X = x ,

Y
= y) ; xyPx ,

(x, y) = 2

Idea : a grid whose cell (oc , y) is the probability that both
happen together.

Marginats : Px(x) =

y
Px

,
y(x ,y) ; Pr (y) = x Px, (x , y)

Ex : Ura with2 red , 2 white,
I black baffs .

We draw 9
without replacement.
X = # of red drawn E 50, 2, 23
Y = # of white drawn 50,2,

23

We thegoffowing joint table :have

X
Y O I 2 P= (x)

O O 2/5 2/103/20

I 2/5 2- 5 03/5

2 2/20 O O I/10

Pulyl 3120315 ever e

Conditionals : from the joint table ,
we pick the row (if conditioning

on X7 or the column (if conditioning on ) and divide each
ceff by its marginal sur

Ex : P(x = /Y = 0) =
1/5

=

2

3/20 3

P(Y = 01x = 2) =
2 - 5

=
L

3- 5 3

Independance : P(X = x;,
Y

= y ;
) = P(X = xi)P(Y = yi)

Ex : Here we have P(x = e,
Y =2) = 215 but P(X =2/P(Y =2)= -

so the random variables are not independant.



Covariance : for discrete X
,
Y with joint pmf Pi

.j
=PK= x,

Y
= y ;
)

Cov(x ,
Y) = E(xY) - E(X/EIY]

Interpretation :

· Cov(X
,
Y])0 : when X is above its mean ,

Y tends to be above
its mean too(co-movement)

· Cov(X ,Y) /0 : when X is above its mean ,
Y tends to be befor

its mean (anti-movement)

Properties : · Cov(x
, Y) = Cov(Y

, x)
· Var(x + 4) = Var(x) + Var(Y) + &Cov(x ,Y)
· If X

,
Y independant => Cov(x, Y) = 0

Corretation : p(x ,4) =

Cov(x
,
Y)

=
Cov(X , Y)

x Ox Var(x) Var(Y)

Always - 140 !2

Interpretation : 10) close to 2 = strong finear relationship .

10) close to o - weark - no finear relationship .

=tendstoincreasea
when < increases

Ex : E(x) = 0 + 3
+ 2 + 3 + 2 = 2 = E ,

Es) = 4520
2E(x)) =

0x 3
+ 2 + 3 + 2 = 2 = e = Var(x) = 2 - 49-20

Same for Y : Var (Y) =

9

25

E(XY) =

x
,yxyP(x , y)

= (e .e) + 2 + (2 .
0) + 2 + (0.2) + 2 + 12 .0) x 2 + 10

.2)x2 = 255 5 5 10

Cor(x
,
Y) = ElxY) - E(IE(Y) = 2 - 4 . 4 =

-

0
=

- 0
. 24

25

Given only & draws ,
"more red" leaves fewer stots for white,

so they tend to move in opposite directions .

p =
(or(x ,Y)

=

- 6/25
=

- 2 - 0
, 66

x 0x = 2
There is a moderate negative finear relationship .

· Usual distributions

Discrete uniform distribution : if every value is equallyfikefy
x ~ U(n) : P(X = xi) = E for i = 1,..., n

If the values of a; are their rank /exactly St,2 , ...,
nb) then :

E(X)
= n Var(X)=



Ex : We throw
afair die,thesupport is S = Seg ,

6
, 5,

each with prob I

6

E(x) =
G + 2

=
7

= 3 .
5 Var(x) =

0 - e
= 35 2 .92

2 22

Bernouffi distribution : if we have an indicator random variable
Sevent A happens or not) fike

X = Ex(w) = &E if WEA
(success

(faiture)

Then x only takes values 20 ,
23

,
with

P(x = e) = P(A) = p ,
P(x =0) = e - P(a) = g , p + q = 2

We say xv B(p) ·

Mean : E(x) = 2 . P(x =e) + 0
. P(X = 0) =

p , also E(x2) = E(x) = p

Variance : Var(x) = E(x2) - (E(()2 = p
- p2 = p(e - p) = pq

Standard deviation : F = Pq

Ex : Let A =
S die = 6)

. Then p = P(A) = E and q = 5
We have EKX1 = 3 = 0

. 167 and Var(x) = 2 +
5

=5 =
0

.3

Binomial distribution : we repeat the same Bernoulli trial
n times.
· each triat has & outcomes : success 121 with prob p
and failure (01 with prob q = 2-p
· trials are independant and identically distributed Isame
peach time

We define X
= number of successes in the n trials

Then X follows a Binomial distribution : X-B(n
, p) with support

50
,
2

, ..., n3 . We have :

P(x = k)= yp
+ (2 - p(n -

k

,
k = 0

, 2,...,
n

Mean : E(x1 = mp Variance : Var(x) = np(2 - p)

Sta var : o = rp(e - p)

Ex : 5 fair coin flips .
Let n = 5 , p = = . Then X-B15 , 3) .

!

P( = k) = E "
25 - k

= 5 -

2k + 5 -k
= 3 . 2

- 5

2 2
E(X) = np = 52 Var(x) = 5 + 2 = 54



Poisson distribution : models the count of events occuring in a

fixed interval of time-space when :

· events happen independantly of each other
rate 1 is constant in the interval· theaverag"rare" relative to the size of the interval

A random variable X has a Poisson distribution with parameter
7)0 if :

P(X = k) =

e * &"
,
k

=
0

, 2 ,2, ...

k !

We write X ~P(X)

Mean and variance : E(X) = Var(x) =X

Ex : Let X = number of taptops soft in a day ,
with average

7 = 5 . Assume xnB/7) .

2. Exactly 5 sold : P(x = 5) =

e-555
=

0
. 176

5 !

2. Atfeast & sold : P(x(.g) = + - P(O) - P(1)
= 1 - e-5 - -

5
. 5

~ 0
.

960

Also E(X) = Var(x) = 5 so o =
5 = 2 .936

Binomial+ Poisson approximation : when n is large and p
is smaft with 7 = up fixed , we can approximate :

If X~B(r,p) ,
then P(X = k) =

e
- 1qk
k !

Geometric distribution : we repeat independant Bernouffi(p)
trials until the first success occurs

.

There are2 standard ways to define the random variable :

2. X = number of trials up to and including the first success

Support : Se
, 2 , 3, ... 3

.
We write X-Gelp)

k - 2

Idea : K.KPPK, ,

2. Y = number of failures before the first success

Support : 50 , 2 , 9, ...

3
.
We write i -Go(p)

Relation :R = 12-p1p , y =
0

,
2,2 ,

...

I

For X-Ge(p) :

E(X) =

2 Var()=P =

2 - p

P P



Negative Binomial distribution : we repeat independantly
Bernoufli/p) trials until we have obtainedr successes .

X = numbers of trials needed to see the r-th success

Support : Er
, r + e , m + g ,

... 3.
.

We write X-NB(r, p)

P(X = k) = E = Ep9
k - r

Mean and variance : E(X) =

r Var(x) = r(e
-p

P


